Lin, J.P., The first homotopy group of a finite H-space, Journal of Pure and Applied Algebra 90 (1993) l-22. Let X be a finite H-space with H,(X; Z,) associative. Then the first homotopy group of X occurs in degrees 1,3 or 7. This result generalizes earlier results of Adams, Clark and Thomas, The proof uses secondary operations which factor primary operations of length 2 as well as a K-theory result due to Jeanneret.
Introduction
A theorem of Adams [l] states that the only spheres that are H-spaces are S1, S3 and S'. Let X be a finite H-space. In this paper, we prove the following theorem: Theorem A. Zf H,(X; H,) is associative, then thejirst nonvanishing homo;opy group of X occurs in degrees 1, 3 or 7.
We note that for Lie groups, it is known that the first nonvanishing homotopy group lies in degree 1 or 3. For finite loop spaces, a theorem of Clark [4] shows that the homotopy groups begin in degree 1 or 3. We know, however, that the seven sphere is neither a Lie group or a loop space but is a 6-connected finite H-space. Hence Theorem A generalizes these results and is the best possible result. This improves on the paper [11] which states that the first nonvanishing homotopy group occurs in degrees 1, 3, 7 or 15. We prove here the following:
Theorem B. A 7-connected jinite H-space with mod 2 associative homology is acyclic.
The proof proceeds in several steps. From the beginning we assume we have a nonacyclic 7-connected finite H-space X and work to arrive at a contradiction.
In Section 1, earlier results about the action of the Steenrod algebra are applied to H*(X; Z,). One notes that the action of Sq' plays a crucial role in the existence of other nontrivial Steenrod operations. In particular, over the Steenrod algebra, it is known that the module QH*(X; Z,) is generated by elements of degree 2' -1 for I > 0 [ll] . Further, since X is 7-connected, Sq', Sq', and Sq4 vanish on QH"-'(X; Z,).
The vanishing of Sq8 on QH 2'-1 (X; Z,) implies certain factorizations of Sq2' through secondary operations which are shown to be incompatible. In Section 2, we describe two factorizations of Sqi6 through secondary operations. Using various suspension theorems in G4 X, we prove QH43(X, Z,) = 0. In Section 3, some other factorizations of Sq16 are used to prove x2 = 0 if deg x = 31. This is needed to show x lies in the domain of a tertiary operation.
In Section 4 we use a tertiary operation defined in [13] to prove that Sq8QH31(X; Z,) = 0. Roughly speaking, this tertiary operation has reduced coproduct Sq8x3i 0 Sq8x3r. It follows from the results of Section 1 that all Steenrod operations vanish on generators of degree 3 1 or greater. We conclude that H* (X; Z2) must have Bore1 decomposition where and degree yi = 2" -1 for some Ii 2 5. A recent K-theory result of Jeanneret [6] states that such a ring is not realizable as the mod 2 cohomology of a space. This completes the proof. Throughout the paper we use H*(X) to denote H*(X; if,). The symbol X is reserved for a finite 7-connected H-space with associative mod 2 homology ring. By [l 11, we may assume X is in fact 14-connected.
The author wishes to thank John Harper, Daciberg Goncalves, T.B. Ng and Michael Slack for various formulas which factor Sq I6 through secondary operations.
Steenrod actions on H*(X)
In this section, we compile information about the action of d(2) on H*(X). This will be used later to define a tertiary operation. We review here some earlier results of Cl 11.
The first homotopy group of a finite H-space
Consider the following d(2) coalgebra:
There is an exact sequence 0 + (X*(X) + R + QH*(X) + 0.
(1.1)
It follows that every algebra generator has a representative in R, and that every odd decomposable in R is trivial. Furthermore, we have the following theorem:
Theorem 1.1 [l 11. For k > 0, r 2 0, we haue:
In the following proposition we use the fact that X is 1Cconnected.
Corollary 1.2. Let n = 1 + 2*' + .. . + 2rs, 1 5 r1 < r2 < . . . < r,. Then if s 5 2,
Proof. By repeated application of Theorem 1.1, R" is in the image of R3 or R' via Steenrod operations. Therefore, since X is 14-connected,
Henceforth we use the notation Q* for the module QH*(X; Z,). Proof. By Theorem 1.1, Sq'x,l_ 1 is decomposable and by Corollary 1.2, Sq2x2n-1 = 0 = Sq4x2r-1. Therefore, if y = ~*(xz~_ i), then y E ker Sq2' for i 5 3. By induction assume Sq2" y = 0 for s < k. Then, for k 2 4, by [l] , Applying the same argument as above to R2'-', we have that all Steenrod operations vanish on Q"'-'. q
The action of Sq8 plays a central role in our study. Eventually, we will prove ' SqQ . 31 = 0 This will show that above degree 31, all generators will be concentrated in degrees 2' -1.
We conclude this section by proving the following: The same argument as in [16] applies to show that y2 = 0. But y2 = L(x @ x) in (1.2). Hence there would be an element z with dz = x @ x by (1.2). It is well known that for X a finite H-space such an element z does not exist [12] . Similarly if By exactness, this implies there exists a w E H*(X) with dw = Sq8 0 Sq'x. This is also a contradiction. We conclude x2 # 0. 0
Q""
In this section we introduce a stable factorization of Sq16 that will be used to prove that Q"" = 0. Note that by Theorem 1.1 and Corollary 1.2, Q43 = Sq20 Sq8 Qts = Sq'6 Sq12 Q15.
The following formulas are due to M. Slack (unpublished). Now consider the following matrices: 
B=
+ (Sq1i9' + sq9,3 + sq4,s)D3 + (Sq8*' + sq7,2 + Sq6,3)v, + sq8v5 + sq4.2 v6 + sq5v7 +sq4~,+sq3vg+sq'V~~ = sq'"p*(i,).
Proof. p* PH" +n (K(Z,,n))
is generated by Sq16p*(i,) since all other admissibles in
lie in kerp*. Hence, this proves Theorem 2.1. 0
Let 2 be the matrix with the left entry of A excluded, B" the matrix with the left column of B excluded and c" the matrix with the top entry of C excluded.
Then if E" is the bundle where G is defined by the matrix c, there is a commutative diagram of infinite loop spaces and maps If ci = h*(vi), we obtain the "integral" formula by applying h* to the relation in Theorem 2.1. (2) By Theorem 1.4, the squaring map < : H"(X) + H3'(X) is manic. We have
QiY34(Q4X) E PZYI~~(S~~X). (2.8)
Since PH34(S24X) cannot be transpotence elements, they must be suspension elements. Therefore, 
QH'"(Q"X) = PH25(L'4X) = CT*QH~~(~~~X) = CJ*PH~~(~~~X) = (cT*)~QH~~(S~~X) = (c~*)~Qff~*(fJX) = (cT*)~PH~~@X) = 0.
So ~~~4 im Sq'"QH25(S24X),
QH26(Q4X) = PH26(124X) = o*QH27(123X) = o*PH27(S23X) = (o*)2PH28(Q2X) = (G*)~QH'~(S~X) = 0.
So, x3& im Sq6,j QZYI'~&?~X). It follows that x35 = 0.
Now suppose

~27 E H*(Q4X)
lies in the indeterminacy of J3 which is im Sq2 + im Sq' .
We have Therefore, x27$ im Sq2 + im Sq' so x 27 = 0. We have shown the following theorem:
Theorem 2.3. QH4j(X) = 0. 0
R3'
In this section, we prove the following theorem:
The proof uses several factorizations of Sq l6 which we will describe using matrices.
Proposition 3.2. (Goncalves [S]). There exists a stable factorization
Sq'6 = 40,3w + %15db,, + sq12$h3,2 + sq-p,,, + w17 + sq4%2sq')dQ,3 + w18 + Sq4Sq4)~o,3 + w16sq3 + Sq9M2,2 + w18sq4 + %12)dJo,2 + (Sq15 + Sq'3Sq2 + sq'2sq3 + sq'0sq5)&o = sq16.
= 0.
Proof. This result is easily verified by evaluating the operation on i8 E H*(K(Z, 2); Z2). 0
Note that the operations &3 and &; differ slightly. +o,3 has indeterminacy Sq8 + Sq6,2 on the Sq' factor and 40,3 has indeterminacy Sq8 + Sq4v4= sqs + sq6*2 + sq7. l on the Sq' factor. An easy calculation shows Our strategy now is to produce a commutative diagram of H-maps of the form
0X -R2K
We then analyze c(fT(u)).
Computing a tertiary operation
In this section, we apply the tertiary operation defined in Section 3 to an element in R31. We show that Sq 8 R 31 = 0. By the results of Section 1, this will prove there are very few cohomology generators in H*(X) (see Corollary 4.4). Given x E R31, note that x E ker Sq" for i I 2 and x2 = Sq31 x = 0 by Theorem 3.1. The main theorem of this section is the following: This implies Sq8 G*(X) E Sq8s4s2 b y the Cartan formulae and the fact that H*(SZX) is even-dimensional.
Hence PH3'(QX) n im Sq4 # 0. But this implies R31 n Sq4R27 # 0 which contradicts Theorem 1.1.
We conclude Sq*x = 0. By Theorem 1.3, this completes the proof of Theorem 4.1. 0 Corollary 4.4. In degrees greater than 30, R is concentrated in degrees 2' -1 for 1 2 5.
Proof. By Theorem 1.1, all Q* is generated as a module over d(2) by elements in degree 2' -1. By Theorem 4.1 and Theorem 1.3, the only nontrivial action of d (2) occurs when one applies Steenrod operations to Q". We have Sq2' Q'" = 0 for i I 2. Proof. Suppose it is not. Let x E R be a nonprimitive generator of lowest degree. Then deg x = 2' -1 for some 12 5 and since dx E @Y*(X) @ Rodd, we may assume dx E P(SH*(X)) @ PHodd(X), by co-associativity.
But PSH*(X) = @Ir5(X) is concentrated in degree 30, so dx E P(i"H*(X)) 0 PH2'_ 30-l (X). homology is acyclic.
